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Let p > 1 and let q denote the number such that (1/p) + (1/q) = 1. We give a necessary
condition for the product of Toeplitz operators T f T g¯ to be bounded on the weighted
Bergman space of the unit ball Apα (α > −1), where f ∈ Apα and g ∈ Aqα , as well as
a suﬃcient condition for T f T g¯ to be bounded on A
p
α . We use techniques different from
those in [K. Stroethoff, D. Zheng, Bounded Toeplitz products on Bergman spaces of the unit
ball, J. Math. Anal. Appl. 325 (2007) 114–129], in which the case p = 2 was proved.
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1. Introduction
Let B denote the open unit ball in Cn (n 1) and let V denote the usual Lebesgue volume measure on B. For α > −1,
let
dVα(z) = cα
(
1− |z|2)α dV (z),
where cα = (n + α + 1)/(n!(α + 1)). Let 1 p < ∞. We use ‖h‖p,α to denote the Lp-norm of a function h ∈ Lp(B,dVα),
i.e.,
‖h‖p,α =
(∫
B
∣∣ f (z)∣∣p dVα(z)
)1/p
< ∞.
The weighted Bergman space Apα consists of all holomorphic functions on B that belong to Lp(B,dVα). The reproducing
kernel of the Bergman space A2α is given by
Kαw(z) =
1
(1− 〈z,w〉)n+1+α ,
and the normalized reproducing kernel is
kαw(z) =
(1− |w|2)(n+α+1)/2
(1− 〈z,w〉)n+1+α .
The orthogonal projection of L2(B,dVα) onto A2α is given by
Pα(h)(w) =
∫
B
h(z)Kαz (w)dVα(z).
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306 J. Miao / J. Math. Anal. Appl. 346 (2008) 305–313In fact Pα is deﬁned for all h ∈ L1(B,dVα) and if h ∈ A1α , then Pα(h) = h. For 1 < p < ∞, the following two facts are well
known (see [7]):
(1) Pα is bounded on Lp(B,dVα), i.e., there is a constant C > 0 such that ‖Pα(h)‖p,α  C‖h‖p,α for all h ∈ Lp(B,dVα).
(2) The dual space of Apα is A
q
α , where (1/p) + (1/q) = 1, under the pairing
〈u, v〉α =
∫
B
u(z)v(z)dVα(z), u ∈ Apα, v ∈ Aqα.
For 1< p < ∞, (1/q) + (1/p) = 1, and g ∈ Lq(B,dVα), the Toeplitz operator T g is deﬁned on Apα by
T g(h)(w) = Pα(gh)(w) =
∫
B
g(z)h(z)Kαz (w)dVα(z), h ∈ Apα.
For h ∈ L1(B,dVα), the Berezin transform of h is a function on B deﬁned by
Bα(h)(w) =
∫
B
h(z)
∣∣kαw(z)∣∣2 dVα(z).
Stroethoff and Zheng [4] recently proved the following two results.
Theorem A. Let α > −1 and f , g ∈ A2α . If T f T g¯ is bounded on A2α , then
sup
w∈B
Bα
(| f |2)(w)Bα(|g|2)(w) < ∞.
Theorem B. Let α > −1 and f , g ∈ A2α . If there is some  > 0 such that f ∈ L2+(B,dVα), g ∈ L2+(B,dVα), and
sup
w∈B
Bα
(| f |2+)(w)Bα(|g|2+)(w) < ∞,
then T f T g¯ is bounded on A2α .
Since Pα is bounded on Lp(B,dVα) for 1 < p < ∞, many results on Toeplitz operators have been established for the
Bergman spaces Apα . So it is natural to ask if Stroethoff and Zheng’s results can be extended to A
p
α for 1< p < ∞, and if so,
what the appropriate results would look like.
For the simplicity of the statements of our results, we will drop α in the notation for Kαw and k
α
w in the rest of the
paper. The following are our results.
Theorem 1.1. Let α > −1, p > 1, (1/p) + (1/q) = 1, and let f ∈ Apα , g ∈ Aqα . If T f T g¯ is bounded on Apα , then
sup
w∈B
{
Bα
(∣∣ f kw1−(2/p)∣∣p)(w)}1/p{Bα(∣∣gkw1−(2/q)∣∣q)(w)}1/q < ∞.
Theorem 1.2. Let α > −1, p > 1, and (1/p)+ (1/q) = 1. If there are some constants 1 > 0 and 2 > 0 such that f ∈ Lp+1 (B,dVα),
g ∈ Lq+2 (B,dVα), and
sup
w∈B
{
Bα
(∣∣ f kw1−(2/p)∣∣p+1)(w)}1/(p+1){Bα(∣∣gkw1−(2/q)∣∣q+2)(w)}1/(q+2) < ∞,
then T f T g¯ is bounded on A
p
α .
Theorems A and B were ﬁrst proved by Stroethoff and Zheng in [2] for the Bergman space of unit disk, and recently they
extended the results to the weighted Bergman spaces of unit disk and the unit ball in [4] and [5]. In another paper [3], they
established the corresponding results for the Bergman space of the polydisk. Park also proved Stroethoff and Zheng’s results
for the Bergman space A20 of the unit ball in [1].
The extension from p = 2 to 1 < p < ∞ requires techniques different from those used in [4]. The L2 operator norm
inequality in Lemma 3.3 of [4] does not hold for Lp operator norms if p = 2. Another interesting difference is that the Lp
operator norms of the unitary operator Uαw as deﬁned in [4] may not even be uniformly bounded if p = 2, therefore we
need to use a more delicate argument for the proof of Theorem 1.1.
The techniques that we use in this paper allow us to give simpler proofs for both theorems. For example, we use
fractional derivatives instead of the usual derivatives, which simplify the construction of a necessary inner product formula
such as (4.11) of [4] in a surprising way.
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Let 1< p < ∞ and let (1/p) + (1/q) = 1. For f ∈ Apα , g ∈ Aqα , the rank one operator f ⊗ g is deﬁned on Apα by
( f ⊗ g)h = 〈h, g〉α f , h ∈ Apα.
It is clear that
‖ f ⊗ g‖ = ‖ f ‖p,α‖g‖q,α.
Next we establish a relationship between f ⊗ g and T f T g¯ . We ﬁrst note that if λ = 0,1,2, . . . , then
(
1− 〈z,w〉)λ = ∞∑
k=0
(k − λ)
k!(−λ) 〈z,w〉
k, (2.1)
and if λ = 0,1,2, . . . , then
(
1− 〈z,w〉)λ = λ∑
k=0
(−1)k λ!
k!(λ − k)! 〈z,w〉
k.
Note that (z) is a meromorphic function on the complex plane with poles at z = 0,−1,−2, . . . .
In what follows, a multi-index s = (s1, . . . , sn) is an n-tuple of non-negative integers, |s| = s1 + · · · + sn , s! = s1! · · · sn!,
and zs = zs11 · · · zsnn . Then the multinomial formula is
〈z,w〉k =
∑
|s|=k
k!
s! z
s w¯s. (2.2)
Lemma 2.1. Let α > −1, p > 1, (1/p) + (1/q) = 1, and let f ∈ Apα , g ∈ Aqα . Let also z ∈ B.
(1) If α = 0,1,2, . . . , then on Apα ,
f ⊗ g =
∞∑
k=0
(k − n − 1− α)
k!(−n − 1− α)
∑
|s|=k
k!
s! Tzs T f T g¯ T z¯s .
(2) If α = 0,1,2, . . . , then on Apα ,
f ⊗ g =
n+1+α∑
k=0
(−1)k(n + 1+ α)!
k!(n + 1+ α − k)!
∑
|s|=k
k!
s! Tzs T f T g¯ T z¯s .
Proof. We just prove (1) (the proof for (2) is the same). The Bergman space Apα admits an atomic decomposition (see
[7, Theorem 2.30]), namely, there exists a sequence {wk} in B such that every h ∈ Apα is of the form
h(z) =
∞∑
k=1
ck
(
1− |wk|2
)(n+1+α)[1−(1/p)]
Kwk (z),
where {ck} belongs to lp , and the series converges in the norm of Apα . Thus in order to show two bounded operators S1
and S2 are the same on A
p
α , we only need to show that S1(Kw) = S2(Kw) for all w ∈ B. Clearly ( f ⊗ g)Kw(z) = f (z)g(w).
On the other hand, for any multi-index s,
Tzs T f T g¯ T z¯s
(
Kw(z)
)= zs f (z)Tzs g(Kw(z))= zs f (z)wsg(w)Kw(z).
We used the fact that if h ∈ Aqα , then Th¯(Kw(z)) = h(w)Kw(z) in the last step above. When the operator on the right-hand
side of (1) is applied to Kw , it becomes
f (z)g(w)Kw(z)
∞∑
k=0
(k − n − 1− α)
k!(−n − 1− α)
∑
|s|=k
k!
s! z
sws.
By (2.1) with λ = n + 1+ α and (2.2), we see( ∞∑
k=0
(k − n − 1− α)
k!(−n − 1− α)
∑
|s|=k
k!
s! Tzs T f T g¯ T z¯s
)(
Kw(z)
)= f (z)g(w),
and thus prove (1). 
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Lemma 2.2. There is a constant C > 0 such that if k is a non-negative integer and
(1) if 1< p < 2, then for all u ∈ Apα ,
∑
|s|=k
(
k!
s!
)p/2∥∥T z¯s (u)∥∥pp,α  C(k + 1)(n−1)[1−(p/2)]‖u‖pp,α,
(2) if 2 p < ∞, then for all u ∈ Apα ,
∑
|s|=k
(
k!
s!
)p/2∥∥T z¯s (u)∥∥pp,α  C‖u‖pp,α.
Proof. Let z = (z1, . . . , zn) ∈ B and let s = (s1, . . . , sn) be a multi-index. Then
∑
|s|=k
(
k!
s!
)p/2∥∥T z¯s (u)∥∥pp,α = ∑
|s|=k
(
k!
s!
)p/2∥∥Pα(z¯su)∥∥pp,α  C ∑
|s|=k
(
k!
s!
)p/2∥∥z¯su∥∥pp,α
= C
∫
B
[∑
|s|=k
(
k!
s!
)p/2
|z1|ps1 · · · |zn|psn
]∣∣u(z)∣∣p dVα(z).
We ﬁrst note that zˆ = (|z1|, . . . , |zn|) ∈ B, hence by (2.2),
∑
|s|=k
(
k!
s!
)
|z1|2s1 · · · |zn|2sn = 〈zˆ, zˆ〉k  1.
If 2 p < ∞, then
∑
|s|=k
(
k!
s!
)p/2
|z1|ps1 · · · |zn|psn 
[∑
|s|=k
(
k!
s!
)
|z1|2s1 · · · |zn|2sn
]p/2
 1,
proving (2) of the lemma. If 1< p < 2, by Hölder’s inequality,
∑
|s|=k
(
k!
s!
)p/2
|z1|ps1 · · · |zn|psn 
[∑
|s|=k
(
k!
s!
)
|z1|2s1 · · · |zn|2sn
]p/2[∑
|s|=k
1
]1−(p/2)

[∑
|s|=k
1
]1−(p/2)
.
Since there are at most (k + 1)n−1 terms in the summation ∑|s|=k , we see that
∑
|s|=k
(
k!
s!
)p/2
|z1|ps1 · · · |zn|psn  (k + 1)(n−1)[1−(p/2)],
and prove (1) of the lemma. 
Lemma 2.3. Let α > −1, p > 1, (1/p)+ (1/q) = 1, and let f ∈ Apα , g ∈ Aqα . Then there is a constant C > 0 such that ‖ f ‖p,α‖g‖q,α 
C‖T f T g¯‖.
Proof. If α is an integer, then this is obvious from Lemma 2.1(2). Now let us assume α is not an integer and let u ∈ Apα ,
v ∈ Aqα . By Lemma 2.1(1)
〈
( f ⊗ g)u, v〉
α
=
∞∑
k=0
(k − n − 1− α)
k!(−n − 1− α)
∑
|s|=k
k!
s!
〈
T f T g¯ T z¯s (u), T z¯s (v)
〉
α
.
It follows from Hölder’s inequality that
∣∣〈( f ⊗ g)u, v〉
α
∣∣ ‖T f T g¯‖ ∞∑
k=0
|(k − n − 1− α)|
k!|(−n − 1− α)|
∑
|s|=k
k!
s!
∥∥T z¯s (u)∥∥p,α∥∥T z¯s (v)∥∥q,α.
By Hölder’s inequality again and Lemma 2.2, we have
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|s|=k
k!
s!
∥∥T z¯s (u)∥∥p,α∥∥T z¯s (v)∥∥q,α 
[∑
|s|=k
(
k!
s!
)p/2∥∥T z¯s (u)∥∥pp,α
]1/p[∑
|s|=k
(
k!
s!
)q/2∥∥T z¯s (v)∥∥qq,α
]1/q
 C(k + 1)(n−1)/2‖u‖p,α‖v‖q,α.
It follows that
∣∣〈( f ⊗ g)u, v〉
α
∣∣ C‖T f T g¯‖‖u‖α‖v‖α ∞∑
k=0
(k + 1)(n−1)/2|(k − n − 1− α)|
k!|(−n − 1− α)| .
As k → ∞, by Stirling’s formula,
|(k − n − 1− α)|
k! ≈
1
(k + 1)n+2+α ,
thus the series above converges. Therefore ‖ f ‖p,α‖g‖q,α = ‖ f ⊗ g‖ C‖T f T g¯‖, completing the proof of the lemma. 
Proof of Theorem 1.1. For w ∈ B, let ϕw denote the involutive automorphism of B that exchanges 0 and w and let Uw
denote the mapping deﬁned by Uw(h) = (h ◦ϕw)kw . Then for any f1 ∈ Lp(B,dVα), g1 ∈ Lq(B,dVα), we have (see [4, (2.3)])
T f1◦ϕw T g¯1◦ϕw = UwT f1 T g¯1Uw . (2.3)
Now let f2 ∈ Apα and let g2 ∈ Lq(B,dVα). Because for all bounded holomorphic functions h on B,〈
T f 2 Pα(g2),h
〉
α
= 〈 f 2Pα(g2),h〉α = 〈Pα(g2), f2h〉α = 〈g2, f2h〉α = 〈 f 2g2,h〉α,
we have
T f 2 Pα(g2) = Pα( f 2g2). (2.4)
Let V pw denote the mapping deﬁned by
V pw(h) = Pα
(
(h ◦ ϕw)kwkw (2/p)−1
)
.
Then for u ∈ Apα , according to (2.4),
Tkw 1−(2/p)V
p
w(u) = Pα
(
kw
1−(2/p)(u ◦ ϕw)kwkw (2/p)−1
)= (u ◦ ϕw)kw ,
hence
Tkw 1−(2/p)V
p
w(u) = Uw(u). (2.5)
Now applying (2.3) to the functions
f1 = f
kw
1−(2/q) , g1 =
g
kw
1−(2/p) ,
we have for u ∈ Apα , v ∈ Aqα ,〈
T f1◦ϕw T g¯1◦ϕw (u), v
〉
α
= 〈T g1(Uαw(u)), T f 1(Uαw(v))〉α.
Thus by (2.5)
〈
T f1◦ϕw T g¯1◦ϕw (u), v
〉
α
= 〈T g1 Tkw 1−(2/p)V pw(u), T f 1 Tkw 1−(2/q)V qw(v)〉α.
Since f and g are both holomorphic functions, so are f1 and g1. Hence
T g1 Tkw 1−(2/p) = T g1kw 1−(2/p) = T g¯ , T f 1 Tkw 1−(2/q) = T f1kw 1−(2/q) = T f¯ .
Therefore by Hölder’s inequality∣∣〈T f1◦ϕw T g¯1◦ϕw (u), v〉α∣∣= ∣∣〈T f T g¯ V pw(u), V qw(v)〉α∣∣ ‖T f T g¯‖∥∥V pw(u)∥∥p,α∥∥V qw(v)∥∥q,α.
Now since Pα is bounded on Lp(B,dVα),∥∥V pw(u)∥∥  C∥∥(u ◦ ϕw)kwkw (2/p)−1∥∥ = C∥∥(u ◦ ϕw)kw (2/p)∥∥ = C‖u‖p,α,p,α p,α p,α
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This shows that T f1◦ϕw T g¯1◦ϕw is bounded on A
p
α and
‖T f1◦ϕw T g¯1◦ϕw ‖ C‖T f T g¯‖.
By Lemma 2.3,
‖ f1 ◦ ϕw‖p,α‖g1 ◦ ϕw‖q,α  C‖T f T g¯‖.
A simple computation gives
‖ f1 ◦ ϕw‖p,α =
{
Bα
(∣∣ f kw1−(2/p)∣∣p)(w)}1/p,
‖g ◦ ϕw‖q,α =
{
Bα
(∣∣gkw1−(2/q)∣∣q)(w)}1/q,
and the proof of Theorem 1.1 is now complete. 
3. Proof of the suﬃcient condition
We now introduce fractional radial derivatives of holomorphic functions f on B. Let
f (z) =
∞∑
k=0
fk(z)
be the homogeneous expansion of a holomorphic function f on B. If neither n + α nor n + α + t is a negative integer, let
Rα,t f (z) =
∞∑
k=0
(n + 1+ α)(n + 1+ k + α + t)
(n + 1+ α + t)(n + 1+ k + α) fk(z).
The derivative Rα,t is of order t ∈ R for any α. If in addition α > −1 and t > 0, then Rα,t f (z) can be written as
Rα,t f (z) = lim
r→1−
∫
B
f (rw)dVα(w)
(1− 〈z,w〉)n+1+α+t .
See [7, Chapters 1 and 2] for more details. In particular if f ∈ A1α , then
Rα,t f (z) =
∫
B
f (w)dVα(w)
(1− 〈z,w〉)n+1+α+t .
This particular form of Rα,t was ﬁrst used by Zhu in [6].
We have the following inner product formula.
Lemma 3.1. Let α > −1, s > 0, t > 0, p > 1, and (1/p) + (1/q) = 1. Then for all f ∈ Apα , g ∈ Aqα ,
〈 f , g〉α =
〈
Rα,s f , Rα+s,t g
〉
s+t+α.
Proof. By Fubini’s Theorem
〈
Rα,s f , Rα+s,t g
〉
α+s+t =
∫
B
Rα,s f (w)
∫
B
g(z)dVα+s(z)
(1− 〈z,w〉)n+1+α+s+t dVα+s+t(w)
=
∫
B
g(z)
∫
B
Rα,s f (w)dVα+s+t(w)
(1− 〈z,w〉)n+1+α+s+t dVα+s(z).
Since f ∈ Apα , then∫
B
∣∣Rα,s f (w)∣∣dVα+s+t(w)
∫
B
∣∣ f (z)∣∣ ∫
B
dVα+s+t(w)
|1− 〈w, z〉|n+1+α+s dVα(z) C
∫
B
∣∣ f (z)∣∣dVα(z) C‖ f ‖p,α < ∞.
The second inequality above comes from a well-known estimate (see [7, Theorem 1.12]). Hence Rα,s f ∈ A1α+s+t , therefore
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Rα,s f (w)dVα+s+t(w)
(1− 〈z,w〉)n+1+α+s+t = R
α,s f (z).
Apply Fubini’s Theorem again to get
〈
Rα,s f , Rα+s,t g
〉
s+t+α =
〈
Rα,s f , g
〉
α+s =
∫
B
f (z)
∫
B
g(w)dVα+s(w)
(1− 〈z,w〉)n+1+α+s dVα(z).
Now since g ∈ A1α+s , we get∫
B
g(w)dVα+s(w)
(1− 〈z,w〉)n+1+α+s = g(z),
hence 〈
Rα,s f , Rα+s,t g
〉
s+t+α = 〈 f , g〉α,
completing the proof of the lemma. 
The following lemma is given in [7, Example 2.19, p. 77].
Lemma 3.2. Let α > −1, t > 0, and β > 0. Then there is a constant C > 0 such that∣∣∣∣Rα,tw 1(1− 〈w, z〉)β
∣∣∣∣ C|1− 〈z,w〉|β+t
for all z, w ∈ B.
Now we can prove the following lemma.
Lemma 3.3. Let α > −1, p > 1,  > 0, δ = (p + )/(p +  − 1), t > 0, and let f ∈ Lp+(B,dVα). Then there is a constant C > 0
such that for all h ∈ Aqα and w ∈ B,
∣∣Rα,t T f¯ (h)(w)∣∣ C {Bα(| f kw1−(2/p)|p+)(w)}1/(p+)(1− |w|2)l
{∫
B
|h(z)|δ dVα(z)
|1− 〈w, z〉|s
}1/δ
,
where
l = n + 1+ α
2
(
1− 2
p
+ 2
p + 
)
, s = δ
[
t + (n + 1+ α)
(
2
p
− 2
p + 
)]
.
Proof. For any h ∈ Aqα ,
Rα,tw T f¯ (h)(w) = Rα,tw
∫
B
f (z)h(z)dVα(z)
(1− 〈w, z〉)n+1+α =
∫
B
f (z)h(z)
(
Rα,tw
1
(1− 〈w, z〉)n+1+α
)
dVα(z).
By Lemma 3.2,
∣∣Rα,t T f¯ (h)(w)∣∣ C
∫
B
| f (z)||h(z)|
|1− 〈w, z〉|n+1+α+t dVα(z).
Write
| f (z)||h(z)|
|1− 〈w, z〉|n+1+α+t =
| f (z)|
|1− 〈w, z〉|a ·
|h(z)|
|1− 〈w, z〉|b ,
where
a = (n + 1+ α)
(
1− 2
p
+ 2
p + 
)
, b = t + (n + 1+ α)
(
2
p
− 2
p + 
)
,
then apply Hölder’s inequality to obtain the desired inequality. 
Proof of Theorem 1.2. We assume 2 p < ∞. The case for 1 < p < 2 can be proved in the same way by interchanging p
and q. Our goal is to show that there is a constant C > 0 such that
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for all u ∈ Apα and v ∈ Aqα . Let
t1 = (n + 1+ α)
(
1− 2
p
+ 1
p + 1
)
and δ1 = p + 1
p + 1 − 1 .
Then t1 > 0 and
δ1
[
t1 + (n + 1+ α)
(
2
p
− 2
p + 1
)]
= n + 1+ α.
Let Qα denote the integral operator given by
Qα(h)(z) =
∫
B
h(z)dVα(z)
|1− 〈w, z〉|n+1+α .
By Lemma 3.3,
∣∣Rα,t1 T f¯ (v)(w)∣∣ C {Bα(| f kw1−(2/p)|p+1)(w)}1/(p+1)(1− |w|2)l1
{
Qα
(|v|δ1)}1/δ1 ,
where
l1 = n + 1+ α
2
(
1− 2
p
+ 2
p + 1
)
.
Now let δ2 = (q + 2)/(q + 2 − 1). Choose t2 > 0 such that
s2 = δ2
[
t2 + (n + 1+ α)
(
2
q
− 2
q + 2
)]
> n + 1+ α.
By Lemma 3.3 again,
∣∣Rα,t2 T g¯(u)(w)∣∣ C {Bα(|gkw1−(2/q)|q+2 )(w)}1/(q+2)
(1− |w|2)l2
{∫
B
|u(z)|δ2 dVα(z)
|1− 〈w, z〉|s2
}1/δ2
,
where
l2 = n + 1+ α
2
(
1− 2
q
+ 2
q + 2
)
.
Let λ denote the positive number such that λ + n + 1+ α = s2. Then{∫
B
|u(z)|δ2 dVα(z)
|1− 〈w, z〉|s2
}1/δ2
 C
(1− |w|2)λ/δ2
{
Qα
(|u|δ2)}1/δ2 .
By Lemma 3.1, we have
〈T f T g¯u, v〉α = 〈T g¯u, T f¯ v〉α =
〈
Rα,t1 T g¯u, R
α+t1,t2 T f¯ v
〉
t1+t2+α.
Let C f ,g denote the constant
sup
w∈B
{
Bα
(∣∣ f kw1−(2/p)∣∣p+1)(w)}1/(p+1){Bα(∣∣gkw1−(2/q)∣∣q+2)(w)}1/(q+2).
Then by the estimates above
∣∣〈T f T g¯u, v〉α∣∣= ∣∣〈Rα,t1 T g¯u, Rα+t1,t2 T f¯ v〉t1+t2+α∣∣ CC f ,g
∣∣∣∣
〈
Qα(|u|δ2 )1/δ2
(1− |w|2)l2+(λ/δ2) ,
Qα(|v|δ1 )1/δ1
(1− |w|2)l1
〉
t1+t2+α
∣∣∣∣.
Note that
t1 + t2 = (n + 1+ α)
(
1− 2
p
+ 1
p + 1
)
+ t2,
and we can easily verify that
l1 + l2 + λ = (n + 1+ α)
(
1 + 1
)
+ s2 − (n + 1+ α) = (n + 1+ α)
(
1 + 2 − 1
)
+ t2 = t1 + t2.
δ2 p + 1 q + 2 δ2 p + 1 q
J. Miao / J. Math. Anal. Appl. 346 (2008) 305–313 313Therefore∣∣〈T f T g¯u, v〉α∣∣ CC f ,g ∣∣〈Qα(|u|δ2)1/δ2 , Qα(|v|δ1)1/δ1 〉α∣∣.
Now Hölder’s inequality gives∣∣〈T f T g¯u, v〉α∣∣ CC f ,g∥∥Qα(|u|δ2)1/δ2∥∥p,α∥∥Qα(|v|δ1)1/δ1∥∥q,α.
Since Qα is bounded on Lr(B,dVα) for 1< r < ∞ (see [7, Theorem 2.10], for example) and
p
δ2
> 1,
q
δ1
> 1,
it follows that∥∥Qα(|u|δ2)1/δ2∥∥p,α  C‖u‖p,α, ∥∥Qα(|v|δ1)1/δ1∥∥q,α  C‖v‖q,α.
Therefore
‖T f T g¯‖ CC f ,g,
and we complete the proof of Theorem 1.2. 
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